Abstract. The structure of the asymptotic symmetry in the Poincaré gauge theory of gravity in 2d is clarified by using the Hamiltonian formalism. The improved form of the generator of the asymptotic symmetry is found for very general asymptotic behaviour of phase space variables, and the related conserved quantities are explicitly constructed.
Introduction
General relativity is a succsessful theory of macroscopic gravitational phenomena, but all attempts to quantize the theory encounter serious difficulties [1] . It seems natural to try to understand the structure of gravity on the basis of the concept of gauge symmetry, which has been very successful in describing other fundamental interactions in nature. Poincaré gauge approach to gravity leads to a linear connection with torsion and the tetrad field as independent variables [2] . The investigation of the general action of this type, which is at most quadratic in the curvature and the torsion, shows that the theory does not contain ghosts or tachions, but the power-counting renormalizability is unfortunately lost [3] .
One expects that investigations of two-dimensional theories of gravity may provide a better understanding of quantum properties of higher dimensional gravity, as well as a deeper understanding of string theory. The presence of torsion in string theory considerably modifies the theory and changes its dynamical content and quantum properties [4] . The investigation of classical solutions of the two-dimensional gravity with dynamical torsion in the conformal gauge shows that the system is completely integrable [4] . In the light-cone gauge, which is more appropriate for the separation of true dynamical degrees of freedom, general analytic solutions of the classical equations of motion are found [5] . The origin of the classical integrability is traced back to a specific local symmetry of the theory found in the Hamiltonian formalism [6] . It is interesting to note that the first order formulation of the theory coincides with the gauge theory based on the nonlinear extension of the Poinceré algebra [7] . Both classical structure of the theory and its quantum properties show very interesting features [8, 9] , which might be helpfull in our attempts to understand more realistic four-dimensional theory.
The Hamiltonian approach was very usefull in clarifying symmetry properties of the four-dimensional Poinceré gauge theory [10] [11] [12] . In the present paper we shall use this method to analyse the local symmetries of the Poinceré gauge theory in 2d, and study the structure of the symmetry in the asymptotic region. The correct definition of the asymptotic generators is important for several reasons: it can be used to study the related conservation laws, to find an explicit form of the conserved quantities, and to study the stability problem.
We begin our consideration in section 2 by developing the basic Hamiltonian formalism, and constructing the generator of the local symmetries. Then we clarify the important notion of the asymptotic symmetry, which is determined by the behaviour of phase space variables in the asymptotic region, and discuss the question of surface terms and the conservation laws. In sections 3 and 4 we use this formalism to study the asymptotic structure of the theory when the solutions in the asymptotic region define the space-time of constant curvature and vanishing torsion, and the Minkowski space-time, respectively. These specific examples motivate the central consideration in sections 5 and 6, where we derive general rules for constructing the asymptotic generators and the conserved quantities under rather general asymptotic conditions. We find that the conserved quantities are expressed in terms of the constant of motion Q, known from earlier investigations [6] . Section 7 is devoted to concluding remarks. Some technical detailes are displayed in Appendices.
Hamiltonian structure of Poincaré gauge theory in 2d
Classical action.
The basic dynamical variables of this theory are the diad b a µ and the connection A ab µ , associated with the translation and Lorentz subgroup of the Poincaré group, respectively. Here, a, b, ... = 0, 1 are the local Lorentz indices, while µ, ν, ... = 0, 1 are the coordinate indices. The structure of the Poincaré group is reflected in the existence of two kinds of gauge field strengths: the torsion T a µν , and the curvature R ab µν . The geometrical structure of the theory corresponds to the Riemann-Cartan geometry U 2 . The most general action of the Poincaré gauge theory in 2d, which is at most quadratic in gauge field strengths, has the form [4] :
where b = det(b a µ ), and α, β, γ are constants. The term linear in curvature is dynamically trivial, as it represents a topological invariant. In 2d the Lorentz connection can be parametrized as A ab µ = ε ab A µ , so that
and 
The action (2.1) leads to the following equations of motion [4] :
Here, D µ denotes the covariant derivative acting on both local Lorentz and coordinate indices.
It is interesting to note that these equations have a solution describing the space of constant curvature and zero torsion, F = const., T abc = 0. Indeed, in this case the first equation is automatically satisfied, while the second one yields (1/4α)F bc F bc − 2γ = 0.
In particular, F bc = 0 for γ = 0.
Constraints and the Hamiltonian. The Hamiltonian analysis of the theory will help us to understand its symmetry properties and clarify the meaning of the conservation laws [13] .
Let us denote the momenta conjugate to the basic Lagrangian variables by π a µ , π µ . Since the curvature and the torsion do not depend on the velocitiesḃ a 0 ,Ȧ 0 , one easily finds the primary constraints,
The canonical Hamiltonian density has the form
where
and prime means the space derivative. The general Hamiltonian dynamics is described by the total Hamiltonian:
We shall now demand that all constraints be conserved during the time evolution of the system governed by the total Hamiltonian. The consistency of the primary constraints yields the relations
and we conclude that G and G a are secondary constraints. Their algebra is of the form 6) so that further consistency conditions are automatically satisfied. All the constraints of the system are of the first class. Observe the parallel between the algebra (2.6) and the related structure in d = 4 [12] .
The gauge generators. The Hamiltonian theory described above possesses, by construction, the local Poinceré symmetry. The general method for constructing the generators of local symmetries has been developed by Castellani [11] . The gauge generators of the local Poinceré symmetry have the form
where ε(t) are arbitrary parameters, phase space functions Γ (0) , Γ (1) satisfy the condi-
and C P F C means primary first class (PFC) constraint [11] . Here, the equality sign denotes an equality up to constants and squares (or higher powers) of constraints. It is clear that the construction of gauge generators is based on the Poisson bracket algebra of constraints. Starting with a suitable combination of primary first class constraints, one obtains the following form of the gauge generator:
where Γ
(1)
It is easy to check that the action of the generator (2.7a) on the basic dynamical variables gives a good description of the local Poinceré symmetry. This form of the generator will be the starting point for our study of the asymptotic structure of the theory and the related conservation laws. In order to simplify the notation we shall use (x 0 , x 1 ) = (τ, σ).
Asymptotic symmetry.
The physical content of the notion of symmetry is determined not only by the symmetry of the action, but also by the symmetry of the boundary conditions.
To clarify this statement let us consider a set of solutions of the field equations which have the following behaviour at large distances: 
If the same transformation leavesÃ µ invariant, it represents the symmetry of the spacẽ U , or the asymptotic symmetry of a given set of solutions.
The choice of the asymptotic behaviour for dynamical variables defines the asymptotic structure of spacetimeŨ , which usually represents the ground state or the vacuum of the theory. The symmetry of the action spontaneously breaks down to the symmetry ofŨ , which is responsible for the existence of conservation laws.
The existence of isometries of the spaceŨ does not guarantee the existence of asymptotic symmetries. If these symmetries exist, they can be obtained from the corresponding local Poinceré transformations by the replacement
The generator of these transformations can be obtained from the gauge generator (2.7)
in the same manner. It has the general form
where the explicit form of T i depends on the structure ofŨ .
The symmetry transformation of a dynamical variable in the asymptotic region is defined by its Poisson bracket with the generator Γ as . Therefore, in order to give a precise meaning to the notion of asymptotic symmetry it is necessary to examine the
is said to have well defined functional derivatives if its variation can be written in the
where δϕ ,1 and δπ ,1 are absent. In general this is not the case with the generator Γ as , so that its form should be improved by adding a nontrivial surface term:
The possibility of constructing the improved generatorΓ depends on the structure of the phase space in which the generator Γ as acts.
We now wish to see how the asymptotic symmetry implies the existence of certain conserved quantities. Although Castelani's method has been originally designed to study local symmetries, it can be also used to obtain useful information about global symmetries. One can easily prove that a phase space functional G[ϕ, π; τ ] is the generator of global symmetries if and only if the following relations hold true:
where φ s are all constraints in the theory, and both G and H T are corrected by surface terms, if necessary. As we mentioned before, the equality in the first equation is an equality up to terms which act trivially as symmetry generators, such as constants, squares of constraints and surface terms, so that its left-hand side need not vanish. Note that we restrict ourselves to global symmetries obtained from the corresponding local ones by some process of parameter fixing, so that G and H T are first class constraints, and their Poisson bracket vanishes weakly. Consequently, the first equation, representing the Hamiltonian form of the conservation law, implies a weak equality
where Ω is a possible surface term, so that G is conserved if the time derivative of Ω vanishes. By calculating dΓ/dτ one can check on the existence of the conserved quantities in the asymptotic region. The conservation law for the generatorΓ without surface terms is rather trivial: such generator is given as an integral of constraints, so that its on-shell value always remains zero. Nontrivial conservation law can be obtained only in the presence of nonvanishing surface terms. In that case the on-shell value of the conserved quantity is equal to the value of the related surface term:Γ ≈ Ω.
Solutions with constant curvature and zero torsion at large distances
We shall first study the asymptotic symmetry when the solutions of the gravitational field equations in the asymptotic region represent the space of constant curvature and zero torsion,Ṽ .
The symmetries of the Riemann spaceṼ can be obtained from the corresponding local Poinceré transformations by the replacement of parameters ω(x) and ξ(x) as in Eq.(A.9):
where c i are constants and K µ i are the Killing vectors ofṼ , defined in (A.7). The generator of these transformations can be obtained from the gauge generator (2.7) in the same manner. An explicit calculation yields
1 − S) ,
1 − S) .
In order to examine the existence of well defined functional derivatives of the generator Γ as one should first define the phase space in which the generator acts.
The structure of the spaceṼ is described in Appendix A. Starting from Eqs.(A.8), which describe the form of the diad field and the connection in a suitable coordinate system, we are led to consider solutions of the theory (2.1) with the following asymptotic behaviour:
where O α denotes a term that decreases like |σ| −α or faster for large σ, α, β > 0, and
We shall demand that all expressions that vanish on shell have an arbitrarily fast asymptotic decrease, as no solutions of the equations of motion are thereby lost. Thus, the asymptotic behaviour of the momentum variables will be determined by requiring π − ∂L/∂φ ∼Ô, whereÔ denotes a term that decreases sufficiently fast, e. g. like O 3 . From the definition of momenta and the accepted asymptotic behaviour (3.2) of the Lagrangian variables one finds:
In a similar manner one can determine the asymptotic behaviour of the Hamiltonian multipliers u a and u.
After having determined the asymptotic behaviour of all phase space variables, we are now ready to check on the existence of well defined functional derivatives of the generator (3.1). Let us first check on the differentiability of T 0 . By varying P 1 one finds
Here, terms that contain unwanted variations are explicitly displeyed, while the remaining, regular terms are denoted by R. Taking into account the relations δG a = −δπ a 1 ,1 + R, δG = δπ 1 ,1 + R, and the asymptotic conditions (3.3), the above relation becomes
After that the integration over σ leads to
The surface term vanishes since the asymptotic values of all dynamical variables are fixed constants, so that their variations tend to zero. Therefore, the generator T 0 has well defined functional derivatives.
In a similar way we find
Compared to T 0 , the expressions for T 1 and T 2 contain additional σ-dependent terms, but these are of the form sin σ or cos σ, i.e. they are bounded, and the structure of surface terms remains unchanged.
Vanishing of surface terms means that T 0 , T 1 and T 2 are well defined generators in the asymptotic region. The structure of the asymptotic symmetry is described by the corresponding Poisson bracket algebra. Up to PFC terms one finds:
Not surpraisingly we obtain the SL(2, R) algebra -the symmetry algebra of constant curvature Riemann spaces. This symmetry implies, as usual, the existence of certain conserved quantities. An explicit calculation with the help of Eq.(2.11) shows that the generators T 0 , T 1 and T 2 are conserved quantities. These conservation laws are, however, rather trivial, as all surface terms vanish. The above analysis of surface terms shows some features which are important for a deeper understanding of the structure of these terms. By a slight generalization of the previous discussion one can reach the following conclusion: if a) the parameters ω(x), ξ µ (x) are bounded as σ → ±∞, and b) the variations of all dynamical variabes vanish when σ → ±∞ , (3.6) than all surface terms vanish.
In the case of asymptotically flat space we shall relax the condition a) by considering parameters which are linear functions of σ, and see the consequences on the structure of surface terms. After that we shall study more general case in which none of the conditions a), b) is fulfilled.
Asymptotically flat space
We assume that the asymptotic structure of space-time is described by the global Poinceré symmetry. Global Poinceré transformations can be obtained from the corresponding expressions for local transformations by the following replacement of parameters:
where ω µν = ε µν ω and ε ν are constants. After that, the generators of global transformations take the form
We assume that the asymptotic structure of space-time is determined by the following behaviour of diads and connection:
The first condition describes the rule by which the metric approaches the Minkowskian form, and the second one ensures the absolute paralelism in the asymptotic region. From the definition of momenta and the relations (4.3a) we find
Since the vacuum values of all dynamical variables are constant and the parameters ε µ multiplying T µ are also constants, it is clear from (3.6) that This result indicates that there might be asymptotically flat solutions for which the surface term Ω is nonvanishing. However, an inspection of the constraint G ≈ 0 easily
shows that π 0 1 must decrease as O 2 , so that
The asymptotic conditions (4.3) are not the most general conditions corresponding to the flat space at large distances. It is, therefore, natural to try to find out whether one can change these conditions in a way consistent with the Minkowskian structure in the asymptotic region, and obtain nonvanishing surface terms. The general discussion in the next section will show that this is not possible.
General asymptotic structure
We have seen that the conditions a) and b) in (3.6) are of special importance in considerations of the structure of surface terms, as they imply vanishing of these terms. The investigation of the asymptotically flat solutions, which are characterized by linearly rising parameters when σ → ±∞ and, therefore, violate the condition a), also leads to vanishing surface terms. This situation provides a rationale for trying to understand what happens if the variations of dynamical variables in the asymptotic region do not vanish, i. e. when the condition b) is also violated.
The light-cone gauge
The generators of the local symmetry (2.7) are constructed so as to act on both physical and unphysical dynamical variables. In order to simplify further discussion we shall fix the gauge and eliminate unphysical variables from the theory. It is clear that this procedure does not change physical properties of the theory.
It is convenient to choose the local Lorentz frame in the form of the light-cone basis:
The existence of the first-class constraints (2.3) enables us to fix the values of (b a 0 , A 0 ) by imposing the light-cone gauge conditions:
The consistency of the gauge conditions implies In the light-cone gauge the constraints and the Hamiltonian take the simpler form: The equations of motion for the remaining set of variables take the form:
The first three equations are easily solved:
where A(σ), B(σ) and C(σ) are three arbitrary functions. The remaining variables π − 1 , b + 1 and A 1 can be determined from the constraints.
From the form of the local Poinceré symmetry one concludes that the light-cone gauge is preserved if the parametersξ 1 ,ω andξ 0 + ω vanish. After that, there remains the residual symmetry defined by parameters
The corresponding generator is obtained by replacing these parameters into the general expression (2.7) for Γ:
To examine the differentiability of Γ we calculate δΓ:
where the surface term L is given by the expression
Explicit form of L depends on asymptotic values of both dynamical variables and multipliers. If L can be brought into the form L = −δΩ, the improved generator in the asymptotic region will have the form (2.10).
Asymptotic symmetry
General relation between boundary conditions and the structure of the asymptotic symmetry will be given in two steps.
A. Let us first consider the asymptotic conditions It is natural to assume that the assymptotic behaviour is restricted by the demand that all the constraints decrease sufficiently fast:
In particular, the values of the parameters λ α are restricted by demanding the consistency with the constraints. Thus, one can take the values of a − , c + and c arbitrarily, while a + , a and c − are restricted to satisfy the constraints G, G + and G − :
Let us note that the condition (5.7) also restricts the form of different factors O appearing in (5.6).
We will restrict our discussion to the case In order to investigate the generator dσε 1P 1 , we note that
The first part has the form of the variation of a surface term, while the second one requires further discussion. Let us first consider the simple case when c + = 0. Then by using the constraints (5.7) one finds (Appendix B)
and the expression for L becomes
The consistency of the above discussion requires ε 1 = const. +O.
The above result for L does not have the form of a total variation, so that the form of the generator Γ as cannot be improved. The problem can be solved by redefining the parameter ε 1 as follows:
Then, without using the assumption c + = 0, the calculation analogous to the one given above leads to
It is now easy to see from Eq.(5.5a) that the variation of the generator can be written in the form δΓ as = −δΩ + R , 12) where the surface term Ω is defined on the boundary of the one-dimensional space. Now we can redefine the generator Γ as as in Eq.(2.10),Γ = Γ as + Ω, so thatΓ has well defined functional derivatives. The assumed asymptotic behaviour ensures finitness of Ω. The generatorΓ does not vanish on-shell as Γ as does -it takes on the value Ω.
The related conservation law will be discussed in the next section. The above result for the surface term is obtained in the phase space defined by (5.6).
The residual symmetry of the theory is defined by the parameters that are bounded at large distances. It is clear from the form of the general surface term (5.5) that the asymptotic symmetry, defined by the behaviour of parameters at large distanceses, is closely related to the form of the asymptotic conditions. More general asymptotic symmetries can be obtained by considering more general asymptotic conditions.
B.
The previous considerations can be easily generalized so as to include solutions with more general asymptotic behaviour.
(i) Let us first generalize the asymptotics (5.6) by assuming that for large σ the dynamical variables behave as
where (M ∓ , M, N ∓ , N ) are certain functions of σ, not necesserily bounded in σ.
(ii) We shall demand that all constraints decrease sufficiently fast, as in Eq.(5.7a).
(iii) The condition of the nondegeneracy of the metric (5.8) will be also retained.
(iv) Leaving the question of the finitness of various integrals for the end, one can redefine the parameter ε 1 as in Eq.(5.11). Then, starting from the expression (5.10) for L and making use of the constraints (following the calculation outlined in Appendix B) one obtaines the result
where Q is defined in (B.3) . This leads to the correctly defined generatorΓ = Γ as + Ω if η ∼ const. The result (5.14) is obtained provided the following condition is satisfied:
This condition is ensured if we demand
The geometrical meaning of these conditions is discussed in Appendix C. The last term in Ω gives a nonzero contribution if η = 0 and the values of η when σ → ±∞ are different.
Asymptotically flat space -general consideration
The general structure of asymptotic symmetries obtained so far gives us a clue to understand, on more general grounds, the properties of space-time which at large distances has the Minkowskian structure: b
The symmetries of the Minkowski vacuum (5.16) are obtained by the following restriction on the parameters ε µ (σ), ε(σ):
They define the global Poinceré transformations, with the generator
We choose the following asymptotic behaviour:
where O stands for the general term of the O α type, with α > 0.
The expression for the surface term L simplifies:
where we used δQ =Ô (in vacuum Q = 2; since Q ′ is a constraint, one concludes that Q = 2 +Ô, therefore δQ =Ô). By using the relation
we easily see that L = 0 under the asymptotic conditions (5.18).
Conserved quantities -the construction
Now that we have the general expression (5.14) for the surface term we can improve the symmetry generators and make them finite and differentiable. Thus, we definẽ
where c 0 , c 1 and c are constants, and the improved generators are given bỹ
Here, ε 0 (σ), ε 1 (σ) and η(σ) are arbitrarily given functions of σ, the asymptotic behaviour of which is chosen to ensure a) the finitness of the generators, and b) the invariance of the asymptotic conditions (5.13).
For a given set of parameters ε 0 (σ), ε 1 (σ) and η(σ), the functionals (6.2) are the global symmetry generators and, consequently, satisfy the equations (2.11), where the Hamiltonian is also corrected by a surface term:
3)
The Poisson bracket {Γ,H T }, being basically the commutator of two first class constraints, vanishes on-shell. It follows then that dΓ/dτ ≈ ∂Γ/∂τ , which means that only those generators whose surface terms have an explicit time dependence may not be conserved.
For the generatorsT 0 andT 1 one easily finds the relations 
Note also that from Q ′ ≈ 0 it follows that Q(σ) is a constant of motion with the value
As concerns the generatorT , we find 
Concluding remarks
We presented here an analysis of the relation between the asymptotic symmetries and the conservation laws in the Poinceré gauge theory in 2d. The generators of the asymptotic symmetries are constructed from the corresponding gauge generators. By demanding that the asymptotic generators have well defined functional derivatives we obtained their improved form, containing certain surface terms. These surface terms represent the values of the conserved quantities, whose physical meaning depend on the nature of the asymptotic symmetry. The analysis is carried out for very general asymptotic conditions of phase space variables.
It can be generalized to other gravitational theories in 2d, such as the dilaton gravity, and used to study the stability problem.
Appendix A: The Riemann space of constant curvature in 2d 1. The Riemann space of constant curvature is maximally symmetric spaceṼ [14] .
By using the fact that maximally symmetric spaces are essentially unique, one can find the metric of such space in 2d by considering a two-dimensional hypersphere embedded in a three-dimensional flat space:
After eliminating z, the metric ofṼ takes the form
The isometries ofṼ are defined by the following Killing vectors:
2. For κ ≤ 0 it is convenient to introduce new coordinates,
where τ ∈ (−∞, +∞), σ ∈ (0, 2π). The new form of the metric is given by
It is interesting to note that here we can enlarge the domain for σ by assumming σ ∈ (−∞, +∞). The Killing vectors in new coordinates are given as:
They satisfy the Killing equation in the whole region τ ∈ (−∞, +∞), σ ∈ (−∞, +∞).
3. Let us now introduce another coordinate transformation,
which transforms the metric into conformally flat form:
The Killing vectors are given as
After changing the basis
one easily finds
The symmetry of the space is characterized by the SL(2, R) algebra, as expected.
4. We now discuss the form of the diad and the connection by using the conformally flat form of the metric, and dropping primes for simplicity. The fields b a µ and A µ will be defined by demanding T a µν = 0 and R ab µν = const.
From T a µν = 0 one finds the relation A µ = ε ab h b ν h a µ ,ν . After that one concludes from (A.5) that the diad and the connection can be choosen in the form:
Explicit check leads to F = h a µ h b ν R ab µν = −2/r 2 .
The isometry transformatios ξ µ = c i K Thus, the diad field is not invariant under the isometries. However, the change δ It is now easy to see that The quantity Q is related to an important feature of the dynamics of the theory, which consists in the existence of a general constant of motion in the phase space. To see that we observe the relation:
Since Q ′ ≈ 0, it follows that Q is a function of time only, Q = Q(τ ). It is easy to check that {Q, G a } = {Q, G} = 0, thereforeQ = {Q, H T } = 0, i. e. Q is a constant of motion:
The constraints G, G + and Q ′ are equivalent to G, G + and G − . The integral D is a natural measure of the linear size of space-time, since it is obviously a gauge invariant quantity.
